Abstract-Starting with the double generalized Gamma (GG) model to describe turbulence-induced fading in free-space optical (FSO) systems, we propose a new unified model that accounts for the impact of pointing errors and type of receiver detector. More specifically, we present unified closed-form expressions for the cumulative distribution function, the probability density function, the moment generating function, and the moments of the endto-end signal-to-noise ratio (SNR) of a single link FSO transmission system in terms of the Meijer's G-function. We then use these unified expressions to evaluate performance measures such as the bit error rate, the outage probability, and the ergodic capacity of: 1) a single FSO link operating over double GG fading model; and 2) asymmetric RF-FSO dual-hop relay transmission system with fixed gain relay. Using an asymptotic expansion of the Meijer's G-function at high SNR, we express all the expressions, derived earlier, in terms of elementary functions. All our analytical results are verified using computer based-Monte Carlo simulations.
varying the laser beam strength at the receiver side that affects the link range and the system reliability [4] , [5] .
In addition to the scintillation effects, FSO links suffer from thermal expansion, dynamic wind loads, and weak earthquakes that result in vibration of the transmitter beam which introduces pointing errors due to the misalignment between transmitter and receiver [6] , [7] . Moreover, detecting the FSO link beam can be through two techniques, as namely: intensity modulation/direct detection (IM/DD) and heterodyne detection that is more complex than IM/DD but is better in terms of overcoming the turbulence effects [8] , [9] .
Usually, the irradiance of the atmospheric channels is modeled using the log-normal distribution because of its simplicity but this model only describes weak turbulence conditions. As such, much research work has been reported to propose other statistical models for these type of channels such as the I-K [10] , the log-normal Rician [11] , Gamma-Gamma [12] , [13] , double Weibull [14] , and extended Generalized-K (EGK) [15] distribution. As a result, Gamma-Gamma model has been widely utilized to analyze FSO systems [6] , [7] , [16] , [17] . In contrast, the study by Chatzidiamantis et al. [14] shows that the double Weibull model is more valid than the Gamma-Gamma model especially for moderate and strong turbulence conditions [18] . Therefore and in a unifying effort, Kashani et al. proposed in [18] a new statistical model for the irradiance called double the generalized Gamma (GG). This new generic proposed model covers all turbulence conditions and is superior over the Gamma-Gamma and double Weibull models based on the numerical results presented in [18, Figs. (1) to (4) ].
On another front, improving the performance and enhancing the capacity has been the motive of any newly developed schemes. For instance, relaying technology received over the last decade a great deal of interest as it enhances the capacity of the system in addition to providing a wider coverage. As such, multiple research works have been reported to analyze the relay system for both symmetric and asymmetric links (i.e. symmetric links when source-relay (S∼R) and relay-destination (R∼D) links fall under the same fading model) [19] [20] [21] [22] . Asymmetric link is more practical and can be expected in a real-life environment as the received signals can be transmitted via different communication systems. For this purpose, in this work, we consider the same relaying system model studied in [17] , [23] , where multiple RF signals are multiplexed over a single FSO link.
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In this work, we first integrate the pointing error model proposed by [24] in the distribution of the irradiance proposed by Kashani et al. in [18] . Moreover, we derive the cumulative distribution function (CDF), the probability density function (PDF), the moment generating function (MGF), and the moments in closed-form of the end-to-end signal-to-noise (SNR) of (i) a single FSO link system and (ii) RF-FSO dual-hop transmission system shown in [17, Fig. (1) ]. Subsequently, we evaluate some performance metrics such as the average bit error rate (BER) of binary modulation schemes, the outage probability (OP), and the ergodic capacity (EC) of both FSO systems operating over the double GG fading channels. Moreover, all our derivations that are in terms of the Meijer's G-function have been expressed asymptotically for high SNR regime in terms of simple elementary function based on an asymptotic expansion of the Meijer's G-function. This paper is different than any other previously published work such as (i.e. [6] , [7] , [23] , [25] ) for some reasons such as the irradiance statistical model that is the double GG is more accurate in modeling the turbulence conditions comparing to the GammaGamma and double Weibull models. Moreover, based on the results of a single link FSO system, we derive the results of the relay assisted link RF/FSO. In addition, our analysis counts for the pointing errors effect and valid for heterodyne and IM/DD detection. Finally, major performance measures are being addressed in exact and asymptotic analysis at high and low SNR regimes.
The rest of the paper is organized as follows. In Section II, we present the channel model as well as, exact, and asymptotic expressions of the unified statistics such as the CDF, the PDF, the MGF, and the moments and performance measures such as the OP, the BER, and the EC of a single link FSO system operating over a double GG channel. Next in Section III, we study the performance of the RF-FSO dual-hop fixed gain relay transmission system. We list exact closed-form expressions and the asymptotic expressions of the statistics of the end-to-end SNR and evaluate the BER, the OP, and the EC of the system. Finally, we show some numerical examples in Section IV before concluding the paper in Section V.
II. SINGLE FSO LINK SYSTEM

A. Channel and System Model
In this section, we consider a single FSO link with two types of detection techniques, heterodyne and IM/DD. Data transmission is affected by path loss, atmospheric turbulence conditions, pointing errors, and additive white Gaussian noise (AWGN) that can be modeled as
where η is the effective photoelectric conversion ratio, w refers to the AWGN sample with power spectral density equals to N 0 , and I is the receiver irradiance that is defined as I = I 0 I a I p where I 0 is the path loss effect and it is assumed to be normalized to 1, while I a and I p reflect the turbulence-induced fading and the pointing error effect, respectively [5] .
Based on the study of Farid and Hranilovic [24] , the pointing loss I p is given by
where a is the radical displacement, A 0 is the fraction of the collected power when a = 0 and given by A 0 = erf 2 (b), and , R is the aperture radius, and erf(.) is the error function [5] , [24] . The pointing error results from vertical and horizontal buildings sway that is independent and identically Gaussian distributed with variance σ 2 s , and from radical displacement that is Rayleigh distributed. Consequently, the PDF of I p is given as [5] , [24] 
where ξ = w e 2σ 2 s is the ratio between the equivalent beam width at the receiver and the pointing error displacement standard deviation (jitter) [7] .
On the other hand, the fading effect is due to the atmospheric turbulence conditions and is modeled by the newly proposed double GG distribution [18] I a = I x I y ,
such that I x and I y are independent random processes presenting the large-scale and small-scale fluctuations, respectively. They are each modeled by a generalized Gamma distribution [18] , [26] 
where is the minimum as shaded in Table I . Moreover, Fig. 1 shows that different values of λ and σ lead to the same result.
It is very important to note that (5) coincides numerically with EGK PDF given in [15, Eq. (3) ] and [28, Eq. (26) ]. Also, the Malaga distribution [29] that has been proposed as a unifying model for all turbulence conditions reduces to the double GG by setting the appropriate parameters based on the amount of fading matching. Hence, the joint distribution of I = I a I p is given by [5] [6] [7] f I (I)
with
Inserting (3) and (5) 
where
It is important to note that when the pointing error effect approaches zero, 1 (8) coincides mathematically and numerically with [18, Eq. (4)].
B. Unified Statistics
In this section, we find the statistics of the electrical SNR of single link FSO system over double GG channel under the impact of pointing errors for various types of detection techniques.
1) Probability Density Function: a) Heterodyne detection:
In the case of heterodyne detection [7] , the average SNR μ 1 is defined as μ 1 =
ηE[I]
N 0 [7] , with E[I] is defined as
where E[.] is the expectation operation with respect to (8),
b) Intensity modulation/direct detection: Under this type of detection, the average electrical SNR μ 2 is given by
, and
c) Unified expression: Observing (10) and (11) 
) r /N 0 , r refers to the detection method (i.e. r = 1 represents heterodyne detection and r = 2 represents IM/DD). This resulting PDF is generic and it reduces to the Gamma-Gamma fading model with pointing errors case when 
] comprising of r terms, and 
. (15) Hence, the asymptotic expression of the CDF is dominated by min rλ represents the (r + rσ + 1) th term in κ 4 i.e when the difference between the parameters is big enough then the asymptotic expression of the CDF in (15) is dominated by a single term corresponds to the minimum of the three parameters. On the other hand, if the difference between any two parameters is not significance, then the asymptotic expression of the CDF in (15) is dominated by the summation of two terms corresponding to the first and second ranked minimum of the three parameters mentioned above. 2 The average SNR γ is defined as γ r = η r E[I r ]/N 0 while the average electrical SNR μ r is given by μ r = η r E[I] r /N 0 [31] . Thus, the relation between the average SNR and the average electrical SNR is trivial given that 
In a similar fashion, the MGF can be given asymptotically at high SNR as
Again, the dominant terms are similar to the CDF case in Section II-B2.
4) Moments:
The moments are defined as
Placing (12) in (19) and utilizing [27, Eq. (7.813.1)], we obtain the following simple closed-form expression
C. Applications to Performance Analysis
Based on our results in Section II-B, we now study the performance of a single FSO link operating over double GG fading channel.
1) Outage Probability (OP):
The outage probability P out is defined as follows:
Accordingly, the OP for the average SNR is obtained by substituting (14) into (21) .
2) Higher-Order Amount of Fading (AF):
Here, we present the amount of fading that can be considered as an important measure to assess the performance of any wireless communication system. The AF aims to define the distribution of the SNR of the received signal [17] . The n th -order AF for γ is [34] . Using this definition and substituting (20) into it, we obtain the n th -order AF as 
by placing (14) into (23) 
where p and q indicate different binary modulation scheme parameters [17, Table I ]. The BER in (24) can be approximated at high SNR using elementary functions as follows
The dominant terms for P b are obtained the same way as the CDF was treated in Section II-B2. If the conditions of a single dominant term are satisfied then (25) can be reduced to the very simple form of [36] 
where G c refers to the coding gain while G d is referred to as the diversity gain. Hence the diversity and coding of the system under consideration gain can be simply expressed in terms of elementary functions
and
where k is the index of the min
rλ which can be one of the following possibilities k = 1 or k = r + 1 or k = r + rσ + 1.
4) Ergodic Capacity:
The ergodic capacity is defined as
where log 2 (1 + δγ ) is expressed as ln(1+δγ ) ln (2) and δ = 1 for heterodyne detection (r = 1) and δ = e/2π for IM/DD (r = 2). It is very important to note that the expression in (29) 
Moreover, C can be written asymptotically at high SNR as
where κ 7 = κ 4 , (v : 0), 0 and can be reduced to the dominant terms slightly different then in the case of Section II-B2. The asymptotic expression of the capacity in (32) is dominated by the summation of two terms, one corresponds to min
rλ , v such that v is the (u + 1) th term in κ 7 where is a small error introduced to validate the conditions of [13, Eq. (24)]. The second term corresponds to the (u + 2) th of κ 7 .
In another way, at high SNR, the asymptotic results can be derived through the moments as [13, Eq. (20) ]
Thus, high SNR approximation for the ergodic capacity can be obtained by evaluating the first derivative of the moments (20) at n = 0 which is given by
where (34) at n = 0, the ergodic capacity at high SNR can be simply expressed as
In addition, the ergodic capacity at low SNR regime can be approximated by the first moment of the SNR. Placing n = 1 in the moments (20) , the asymptotic ergodic capacity at low SNR can be expressed in terms of elementary functions as
III. MIXED RF-FSO DUAL-HOP RELAY SYSTEM
A. Channel and System Model
Here, we consider a dual-hop system similar to the model used in [17] in which a relay (R) is placed between the source (S) and the destination (D) assuming that the RF link (S-R) experiences Rayleigh fading whose SNR can be modeled by an exponential distribution with a PDF given as [39] , and the FSO link (R-D) is assumed to experience turbulence induced fading with the impact of pointing errors whose SNR PDF is given in (12) with γ replaced with γ 2 .
B. Statistical Properties
In this section, we list the statistics of the end-to-end SNR, γ , of an asymmetric RF-FSO dual-hop fixed gain transmission system defined as
Assuming that γ 1 represents the RF hop (S-R link) while γ 2 represents the FSO hop (R-D link) and G is a fixed relay gain [17] , [19] , [23] .
1) Cumulative Distribution Function (CDF):
The CDF of γ is defined as [19] 
. The CDF can be expressed at high SNR as
where κ 8 = κ 4 , (v : 0). In the case of the relay link, the dominant terms for (40) 
. (42) Using the asymptotic expansion of the Meijer's G-function, the MGF can be approximated at high SNR with
4) Moments:
The moments is defined as (19) can be expressed in terms of the complementary CDF F c
By using this definition (44) and placing the complementary of (39) 
. (45) Using again the asymptotic expansion of the Meijer's function, we can express (45) asymptotically at high SNR as
C. Applications to Performance Analysis
In this section, we evaluate the performance measures of the dual-hop RF-FSO relay transmission system.
1) Outage Probability (OP):
The outage probability for the SNR is obtained by substituting (39) into (21) .
2) Average Bit Error Rate (BER):
Placing (39) into (23) 
P b can be expressed at high SNR as
3) Ergodic Capacity: The ergodic capacity in (29) can be expressed in terms of the complementary CDF [40, Eq. (15) ] as 
. . x, comprising of i terms. The bivariate Hfunction can be evaluated efficiently using MATHEMATICA implementation in [35] or MATLAB implementation in [43] .
In this work, we have implemented the bivariate H-function in MATHEMATICA and easily evaluated the expression in (50). In addition, we can obtain an asymptotic expression of the ergodic capacity utilizing the expansion of the Meijer's Gfunction. In other words, exploiting the asymptotic expression of the CDF in (40) to be then inserted in (49) leading to
where (., .) is the upper incomplete Gamma function.
IV. NUMERICAL EXAMPLES
In this section, we present some selected numerical examples to prove the validity of our analytical results and to compare between single FSO link system and mixed RF-FSO relay transmission system. We also show the impact of turbulence conditions and pointing errors on the performance of both systems under both detection techniques (i.e heterodyne and IM/DD). We consider two scenarios of atmospheric turbulence conditions strong (i.e lower values of β 1 and β 2 ) and moderate based on the results reported in [18] . For strong turbulence, we consider the following set of parameters: β 1 = 0.5, β 2 = 1.8, α 1 = 1.8621, α 2 = 1, 1 = 1.5074, and 2 = 1 such that λ and σ are chosen to satisfy the conditions to be 17 and 9, respectively. On the other hand, for moderate turbulence conditions, we assume α 1 = 2.1690, α 2 = 1, β 1 = 0.55, β 2 = 2.35, and 13, respectively [18] . In both cases, it is assumed that α 2 is an integer to satisfy the condition α 2 λ being an integer.
A. Single Link FSO System
The outage probability (OP), P out , of a single FSO link under two types of detection techniques experiencing different turbulence condition is presented in Fig. 2 . Also, the impact of pointing error is presented in Fig. 3 . It is worthy to note that simulation results match the analytical work. In particular, the asymptotic result based on all terms match the analytical perfectly while the rest of the results (based on two or single terms) converge very fast even for low SNR values. We can observe as well that when IM/DD is used, the system is prone to outage more than if heterodyne is considered. Moreover, high pointing errors effect (i.e ξ → 0) leads to higher probability of system outage. In addition, the average bit error rate performance under differential binary phase shift keying (DBPSK) modulation, where p = 1 and q = 1, for single link FSO system was evaluated in Figs. 4 and 5. We can observe that the simulation results along with the asymptotic (utilizing all terms in the summation as in (25) ) are matching with the exact analytical results. However, lower values of ξ (i.e. high pointing errors effect) affect the convergence of asymptotic results (utilizing only the dominant terms explained in Section II-B2). Specifically, in Fig. 5 , we get asymptotic results by utilizing a single dominant term only for the case of ξ = 6.7. This is mainly due to a significance difference between turbulence for IM/DD with varying ξ in Fig. 6 . We can notice that high pointing errors effect reduces the capacity of the system. In addition, we have evaluated the asymptotic results via two methods (i.e Meijer's G-function expansion and moments approximation). The asymptotic results derived in (32) (utilizing all terms in the summation) match the exact results perfectly while the other asymptotic (utilizing the dominant terms) converge faster for the case of low pointing errors effect. In the same way, the exact ergodic capacity and asymptotic results for low SNR regime is presented in Fig. 7 as derived earlier in (36) .
B. Mixed RF/FSO Dual-hop System
The outage probability of mixed RF-FSO dual-hop relay transmission system experiencing different turbulence condi- tions is presented in Figs. 8-10 with varying ξ and r to show the impact of pointing errors and the detection technique. In particular, in Figs. 8 and 9 , we fix μ r,2 = 27 dB and evaluate the OP with respect to γ 1 . We can observe that considering heterodyne detection for the FSO link reduces the OP. Moreover, high effect of pointing errors results in higher outage of the system. In Fig. 10 , we fix the average SNR of the first link (RF) γ 1 to ∈ {20, 40} dB and vary μ 2,2 to show system saturation in addition to the asymptotic results using the Meijer's G-function expansion. It is shown that for lower γ 1 , the system saturates very fast and the asymptotic results converge fast as well.
Similarly, the average bit error rate performance under differential binary phase shift keying (DBPSK) modulation where p = 1 and q = 1 for RF-FSO dual hop relay was evaluated in Figs. 11-13 . More specifically, in Figs. 11 and 12 we evaluate the BER with respect to the first hop SNR γ 1 . As expected, utilizing heterodyne detection for the FSO link provides better performance than if IM/DD is considered. Also, high pointing errors effect diminish the system performance. On the other hand, in Fig. 13 , we evaluate the BER with respect to μ 2,2 along with asymptotic results. Similar to the OP, low values of γ 1 leads to system saturation and better convergence for the asymptotic results (utilizing the dominant terms).
Furthermore, the ergodic capacity of mixed RF-FSO dualhop system operating over double GG turbulence channel with the impact of pointing errors is evaluated in Figs. 14-16 . Specifically, in Figs. 14 and 15, we evaluate the capacity with respect to γ 1 . We can notice that heterodyne detection technique provides higher capacity than IM/DD. However, the capacity is still reduced when the pointing errors effect is high. Furthermore, in Fig. 16 , we compare the capacity of the system for γ 1 = 20 dB and γ 1 = 40 dB. We can observe that higher γ 1 yields better system capacity. Finally, in Figs. 14-16, we presented asymptotic results based in all terms as in Eq. (51). Interestingly, it agrees with the analytical results. 
V. CONCLUSION
In this paper, we derived the PDF of the irradiance under the impact of pointing errors over double GG turbulence channel. Our PDF matches Kashani et al. results mathematically and numerically when the pointing errors effect approaches zero under IM/DD detection technique. We subsequently derived unified and closed-form expressions for statistical properties of the end-to-end SNR of (i) a single FSO link (ii) mixed RF-FSO relay transmission system taking pointing errors into account. Moreover, we presented link performance analysis for both systems by offering closed-form expressions for the outage probability, the average BER, the higher amount of fading in addition to the ergodic capacity in terms of the Meijer's G-function and bivariate H-function. Finally, for high SNR regime we expressed all of our derivations in terms of elementary functions utilizing an asymptotic expansion for the Meijer's G-function.
